The theory for nonlinear three-wave interaction in magnetized plasmas is reconsidered using quantum hydrodynamics. The general coupling coefficients are calculated for a generalized Bohm de Broglie term. It is found that the Manley-Rowe relations are fulfilled only if the form of the particle dispersive term coincides with the standard expression. The implications of our results are discussed.
I. INTRODUCTION
During the last decade much work has been devoted to quantum plasmas, see e.g. Refs. [8, 9, 23, 31, 32] and references therein. Laboratory applications include quantum wells [25] , spintronics [40] and plasmonics [2] . Quantum plasma effects can also be of interest in experiments with solid density targets [8] , as well as in astrophysics [12, 16, 28] .
Nonlinear wave-wave interaction in plasmas has been studied since the sixties, see e.g.
Refs. [13, 29, 33, 37] . Of special interest here is the three wave interaction processes, that have a wide range of applications, including e.g. stimulated Brillouin scattering in the ionoshere [6, 35] and various processes in laser-plasma experiments [17, 20, 27] . From a theoretical point of view the Manley-Rowe relations [26] are of much interest when three-wave processes are studied [4, 19, 36, 39] . For example, these relations put important constraints on the dynamics, e.g. for a background plasma in thermodynamic equilibrium the pump wave may only decay into waves with lower frequencies.
In the present work three-wave interaction in a homogenous magnetized plasma is studied using the simplest form of quantum hydrodynamic equations, but with a slight generalization of the Bohm de Broglie term such that it depends on a free parameter. The exchange of wave energies among the three waves are calculated, and the conditions under which the Manley-Rowe relations are fulfilled is found. The results are compared with previous works [19, 30, 36] , and our findings are used to draw general conclusions regarding the mathematical structure of quantum hydrodynamics.
II. QUANTUM HYDRODYNAMICS AND THE MANLEY-ROWE RELATIONS
The most simple quantum hydrodynamic equations [9, 22, 23] reads ∂n ∂t + ∇ · (nv) = 0 (1)
where n is the number density, v is the fluid velocity, q and m are the particle charge and mass, E and B are the electric and magnetic field, P is the pressure and h = 2πh is Planck's constant. The last term in Eq. (2) is the Bohm de Broglie force which normally can be neglected for ions due to the mass dependence. Eqs. (1) and (2) for each species are complemented by the standard Maxwell equations and an equation of state for the pressure.
An often used simple relation is
which includes isothermal (γ = 1), classical adiabatic (γ = 3) or Fermi pressures (γ = 5/3) as special cases. Here P 0 and n 0 are the unperturbed pressure and number density. Typically when the Bohm de Broglie force is significant, the thermodynamic temperature T is smaller than the Fermi temperature [23] can then favor values of γ = 5/3 even for T ≪ T F . We will not be concerned with the best value of γ in the rest of the manuscript, and simply note that for a degenerate plasma we have 1 < ∼ γ < ∼ 3. Eqs. (1) and (2) can be derived from the Schrödinger equation using a Madelung ansatz for the wave function [23, 24] , where the wave function amplitude become the square root of the number density and the gradient of the phase is closely related to the fluid velocity. While the Bohm de Broglie force comes out straightforwardly from the single particle Schrödinger equation, the derivation of (2) depend on the possibility to interchange the ordering between averaging over particles and taking spatial derivatives (see e.g. Eq. (4.30) of Ref. [23] ).
While such an interchange sometimes can be justified, this step becomes questionable when the Bohm de Broglie force is large, in which case Eq. (2) lacks a firm basis.
Another means to derive quantum hydrodynamics equations is to take moments of the Wigner function [7, 10, 11, 23] . Such a procedure can to some extent lend support to Eq. (2), but depending on technical details it may also generate evolution equations that deviate considerably from the ones presented here. In particular the quantum effect may occur firstly in the heat flux equation, not already in the momentum equation [10, 11] . A general problem when using moment expansions is that typically truncation of the series depends on physical insights rather than mathematical rigor. In the limit of small collisions the truncation must necessarily involve rather crude approximations, since the effects of wave-particle interaction (which is dropped in the fluid limit) is not small in general. In such a scenario when no rigorous justification from first principles can be made, the credence of the fluid equations can be determined on two grounds. Firstly, that there is reasonable agreement with kinetic theory in most situations. Secondly, that the mathematical structure of the fluid equations is sound. The first criterion is discussed e.g. in Ref. [23] , where a good agreement of (1) and (2) with kinetic theory is found for some model problems. The second criterion is usually deemed to be fulfilled if proper conservations laws for momentum, energy and angular momentum are obeyed. Here we would like to extend these requirements on the mathematical structure, and also demand that the basic equations fulfill the Manley-Rowe relations [26] when nonlinear three-wave interaction [4, 19, 36, 39] is studied.
Let us consider three waves with frequencies and wave numbers (
propagate in an homogenous magnetized plasma. We let the frequencies and wave numbers be related through
which correspond to energy and momentum conservation respectively, in case we make a quantum mechanical interpretation. The consistency of a quantum mechanical interpretation depends on the Manley-Rowe relations, however. According to the Manley-Rowe relations the change of energy (denoted by W (i) ) of each wave must be in direct proportion to its frequency, such that we can imagine wave interaction taking place one quanta at a time. Thus in terms of the wave energies the Manley-Rowe relations can be written
All the common classical plasma models lead to coupling coefficients for three wave interaction that are consistent with the Manley-Rowe relations, including the Vlasov equation and multifluid equations of the type (1) and (2) but without the Bohm de Broglie term, see e.g.
Refs. [19, 34, 36] . Furthermore, requiring that (6) is fulfilled can be used as a means for separating useful plasma models from less physical ones. For a concrete example, see e.g.
Ref. [5] where a class of pressure tensor models were investigated, and only the sub-class consistent with (6) were deemed appropriate. In the section below we will demonstrate that the fluid equations including the Bohm de Broglie term in general lead to coupling coefficients that fulfill the Manley-Rowe relations. It should be stressed that this depend on the detailed mathematical structure of the quantum force. To emphasize this point we will consider a slightly generalized Bohm de Broglie term given bȳ
As we will see below, the Manley-Rowe relations will be fulfilled if and only if ξ = 1/2, in which case Eq. (7) agrees with the standard form displayed in Eq. (2) This supports the idea that fulfillment of the Manley-Rowe relations is a highly useful criterion in separating physical models from non-physical ones.
III. THE COUPLED THREE WAVE EQUATIONS A. Preliminaries
In general we consider our variables as given by the sum of a unperturbed background and a small perturbation, e.g. n = n 0 + δn, where index 0 denotes the unperturbed value. The background plasma is time-independent and homogenous with zero drift velocities, and the unperturbed magnetic field is B 0 = B 0ẑ . The perturbations consist of contributions from all
c., where c.c. denotes the complex conjugate and the time dependence of the amplitudes are assumed to be slow compared to the wave frequency. Firstly limiting ourselves to only time-dependent amplitudes simplifies some of the technical aspects of the derivation. A generalization to a weak spatial dependence of the amplitudes is easily included by the substitution ∂/∂t → ∂/∂t + v g(j) · ∇. Here the index (j) on the group velocity v g(j) is j = 1, 2, 3 depending on which wave amplitude the derivative is acting. Next we make an amplitude expansion keeping only up to second order terms.
Writing linear quantities on the left hand side, and nonlinear on the right hand side, the momentum equation reads
wave energy densities. These are
where the star denotes complex conjugate. The expression for the wave energy densities can be deduced by demanding that W (i) is conserved to all orders in the slow time derivative (i.e.
acting on the wave amplitudes) when the nonlinearities are neglected. From the dispersion relation, where the wave frequency becomes real in the absence of dissipative mechanisms, one can of course deduce that the different sub-parts of the wave energy are conserved separately in the absence of nonlinear interactions. However, the wave energy (9) is the unique expression that can be shown to be conserved without using the linear dispersion relation.
Formally all species are treated equivalently in Eqs. (8) and (9) . The fact that electrons may be described quantum mechanically and ion classically can be accounted for in the final result by choosing γ s differently for electrons and ions, and dropping the Bohm de Broglie term altogether for ions.
B. The Manley Rowe relations
Including only the linearized terms of the left hand side in (8) , as well as in the continuity equation and Maxwell's equations, the wave energy of each wave is conserved. Including the quadratically nonlinear terms of the right hand sides, the rate of change of each wave energy becomes proportional to terms that are cubic in the amplitude. Only the resonant cubic terms that survives averaging over several wave periods are kept. Thus the energy change of wave 3 directly associated with the electric field can be written
in accordance with Eqs. (4) and (5) . As the terms that are quadratic in the wave fields will cancel when all source terms are considered, only the cubic terms of the right hand side are of interest here. Treating the other energy terms in the same manner, we thus find that dW 3 /dt becomes proportional to a large number of cubic terms. Simplifying this expression using linear approximations (e.g. n (j)s = n 0s k (j) ·v (j)s /ω (j) , etc) in the cubic terms, we obtain after some lengthy algebra
Equation (11) is our main result, together with the similar expressions for dW (1, 2) /dt that can be obtained directly from (11) using the symmetry between ω (1) , ω (2) and −ω (3) as well as between k (1) , k (2) and −k (3) . Whenh → 0 Eq. (11) agrees with Ref. [36] . Furthermore, the corresponding expression for W (1, 2) confirms that the Manley-Rowe relations (6) are fulfilled whenh → 0. At a first glance the last term of (11) seems to be in conflict with (6) (i.e. the symmetry between waves 1, 2 and 3 is not explicit), but simple manipulations using Eqs. (4) and (5) quickly confirms that the term is in full agreement with (6) . The quantum term on the other hand has two very different contributions. The first term (proportional to
) is obviously in agreement with (6) . However, the second term proportional to (2ξ − 1) must vanish for the Manley-Rowe relations to hold, i.e. we must have ξ = 1/2 . Thus we can confirm that fulfillment of (6) can be used as a criterion for disregarding unphysical models. From now on we limit ourselves to the standard Bohm de Broglie term with ξ = 1/2, in which case
with
The property (12) has important consequences. Firstly, it means that a quantum interpretation of the three-wave interaction process is possible, as noted above. This has the further implication that parametric decay occurs from higher to lower frequencies, unless the wave energy density is negative, which can only occur if the background plasma has a free energy source. Three-wave interaction in homogenous plasmas using quantum hydrodynamic equations has been considered previously by Ref. [30] , specifically focusing on the parametric decay of Langmuir waves in magnetized plasmas. However, their calculations did not produce Manley-Rowe symmetric formulas, and thus our above results is an improvement in this respect. Furthermore, Eq. (13) cover all types of waves (Alfen waves, Whistler waves, Extra-ordinary, etc.) and thus represents an extensive generalization of previous work.
C. Three wave equations
In the previous sub-section we showed that the Manley-Rowe relations are fulfilled for the physical case of ξ = 1/2. However, in order to do practical calculations of wave interactions (e.g. to find growth rates for parametric instabilities), we first need to rewrite the equations in terms of the wave amplitudes rather than wave energy densities. For this purpose we note that the wave energy densities can be written as W = ε 0 E * j ∂(ωD ij )/∂ω)E i for each wave, where we denote cartesian componets x, y, z with index 1, 2, 3 in order to use the summation convention (a closely related and often used expression for the wave energy that is equivalent is W = ε 0 (1/ω)E * j ∂(ω 2 ε ij )/∂ω)E i , where ε ij is the dielectric tensor). The electric field eigenvectors fulfill D ij E j = 0 with
and the susceptibility tensor χ ij for each species is given by
where we have defined
The linear susceptibility in a fluid theory including the Bohm de Broglie force has been computed in Ref. [22] . Here we have generalized this expression to arbitrary cartesian coordinate axes, since we cannot chose a coordinate axis along the perpendicular wavenumber for mote than one of the interacting waves in general. Finally the dispersion relation for each wave is determined by
Now we want to express all quantities appearing in (12) and (13) in terms of a single variable representing the wave amplitude of each wave. Somewhat arbitrarily we can pick the zcomponent of the electric fields, but the procedure outlined below works for any component of the electric field. Firstly using D ij E j = 0 we can express E x and E y in terms of E z for each wave. Together with v i = −iωǫ 0 χ ij E j /qn 0 this gives all velocity components in terms of E z , and the density perturbation is obtained in terms of δn = n 0 k i v i /ω. The remaining quantity needed is the wave energy density, which with the help of W = ε 0 E * j ∂(ωD ij )/∂ω)E i is written as
for wave 3. As a consequence all variables appearing in (12) and (13) can be expressed in terms of the z-component of the electric field amplitudes, in which case Eqs. (12) and (13) can be rewritten as
where we now allow for spatially dependent amplitudes such that
It is straightforward to find the general expressions for the coupling coefficients α (1,2,3) from formulas (12) , (13) and (19) and the procedure outlined above. However, in order to obtain comparatively simple and illustrative formulas, we consider the special case where the plasma is unmagnetized, B 0 = 0, and waves 1 and 3 are Langmuir waves. Furthermore we let the plasma be degenerate, i.e. for a 3D Fermi gas P 0 = n 0 mv 2 F /5 and γ = 5/3, where we have used the thermodynamic equilibrium pressure (see discussion in Section II). In this case the general dispersion relation (18) reduces to
when the corrections due to the ion motion is neglected. Wave 2 is a low-frequency ionacoustic wave fulfilling the approximate dispersion relation
where we have set the ion temperature to zero and let m e /m i → 0, but avoided the approximation of quasi-neutrality in order to allow for short wavelengths. Making the corresponding approximations in (13) and (19) we obtain the coupled equations:
As usual these equations can be used to compute growth rates and threshold values for parametric instabilities (if the pump wave has a finite width or a damping mechanism due to e.g. collisions is added), see e.g. Ref. [3, 39] .
IV. CONCLUDING DISCUSSION
In this paper we have focused on the Manley-Rowe relations in quantum hydrodynamics.
Our starting point has been that basic equations that are physically sound should produce coupling coefficients for three-wave interaction that obey these relations. As discussed by e.g. Ref.
[18] fulfillment of the Manley-Rowe relations comes from an underlying Hamiltonian structure. For classical plasmas, it is illustrated rather clearly in Ref. [34] that the ManleyRowe relations are satisfied for arbitrary wave propagation in hot magnetized plasmas with a uniform background. Moreover the Manley-Rowe relations are more general than expected,
i.e. they are sometimes applicable outside their expected range of validity, see Ref. [14] .
Generalized Manley-Rowe relations are also valid fo non-uniform plasmas [1, 15, 21] and somewhat surprisingly also for turbulent plasma (see the rather instructive paper by Ref.
[38]).
Nevertheless, the derivation of standard quantum hydrodynamic equations contain steps that can be questioned when both the pressure and particle dispersive effects are large.
Hence, it is not obvious that such equations preserves a physically sound structure, i.e.
obeys the Manley-Rowe relations. As demonstrated by Eqs. (12) (13) , however, these relations are indeed fulfilled when the standard Bohm de Broglie term is used to describe particle dispersive effects. This is not the case, however, in case the Bohm de Broglie term is replaced by a slightly generalized expression, which demonstrates that fulfillment of the Manley-Rowe relations is a useful criterion in separating acceptable models from unphysical ones. Besides these theoretical aspects we note that our resutls extends previous works on three-wave interaction based on classical fluid equations [36] to cover quantum hydrodynamics. The quantum contribution to the coupling coefficient is important for short wavelengths (of the order of the thermal de Broglie wavelength), and for a quantum parameter H =hω p /k B T that is not much smaller than unity. See e.g. Refs. [9, 23, 31, 32] for a thorough discussion of systems that fit this description.
